We study the propagation and switching of slow-light pulses in nonlinear directional couplers composed of two parallel waveguides, where each waveguide contains a Bragg grating. We show that by optimizing the phase shift between the Bragg gratings, one can obtain specific dispersion characteristics enabling all-optical pulse manipulation in space and in time. We demonstrate that the power-controlled nonlinear self-action of light can be used to compensate dispersion-induced broadening of pulses through the formation of gap solitons, to control pulse switching in the coupler, and to tune the propagation velocity. We also confirm that the switching is tolerant to deviations of the phase shift from the optimal value, which can occur in the fabrication process.
INTRODUCTION
The speed of light can be dramatically reduced in photonic-crystal waveguides with a periodic modulation of the optical refractive index [1] [2] [3] . In the regime of slow light the photon-matter interactions are dramatically enhanced [4] allowing for all-optical control and manipulation. In particular, nonlinear self-action can be used to dynamically tune the velocity of pulses propagating in nonlinear Bragg gratings [5] [6] [7] . At the same time, nonlinearity can support pulse self-trapping in the form of a gap soliton in which the profile remains undistorted during propagation [5] [6] [7] , overcoming the limitations of linear devices due to dispersion-induced pulse broadening [8] .
Nonlinear effects can also enable all-optical pulse switching. The directional waveguide coupler has attracted a great deal of attention as a major candidate for the creation of ultrafast all-optical switches [9] [10] [11] . This device utilizes light tunneling between two optical waveguides placed in close proximity to each other. In the linear regime, light is switched from one to another waveguide at the distance called coupling length. At high input powers, an intensity-dependent change of the refractive index through optical nonlinearity creates detuning between the waveguides that can suppress the power transfer between coupler arms such that light remains in the input waveguide.
In this paper, we explore the potential of all-optical switching of slow-light pulses in nonlinear directional couplers, where each waveguide contains a Bragg grating as schematically shown in Fig. 1 . Such devices were previously suggested for the applications of mode conversion and add-drop filtering [12] [13] [14] [15] [16] , and their dynamical tuning through the nonlinearly-induced shift of Bragg resonance was demonstrated [17] . It was also shown that stationary gap solitons can exist in the nonlinear regime [18] [19] [20] . In the following, we present a detailed analysis of linear and nonlinear light propagation under the variation of key structural parameters, such as the relative shift between the Bragg gratings written in first and second waveguides. Whereas we have previously predicted that switching of slow-light pulses is possible when the two gratings are out-of-phase, we now demonstrate that highly efficient switching is possible even when the grating shift deviates from the optimal value. This confirmation of structural stability indicates the possibility for the experimental realization of the predicted effects under realistic conditions. This paper is organized as follows. In Section 2, we formulate the coupled-mode equations taking into account the reflection from Bragg gratings, light tunneling between the waveguides, and the effects of Kerr-type nonlinearity. We derive the linear dispersion relations and identify different regimes of slow-light states at bandgap edges in Section 3. We discuss the corresponding structure of slow-light modes in Section 4. Then, we analyze propagation of light emitted by continuous-wave (cw) sources in the regimes of linear propagation in Section 5 and further study nonlinear propagation corresponding to higher optical powers in Section 6. Furthermore, we demonstrate the possibility to perform all-optical switching of slow-light pulses, combined with velocity control, in Section 7. Finally, we present the main conclusions in Section 8.
MODEL EQUATIONS
We explore novel possibilities for dynamic manipulation of slow-light pulses in which the frequency is tuned in the vicinity of Bragg resonance. We consider a Bragg-grating coupler composed of identical waveguides, where each waveguide features a Bragg grating with the same period d as shown schematically in Fig. 1 . To model the pulse dynamics in such a photonic structure, we represent the electric field as a sum of forward-and backwardpropagating modes in each of the waveguides:
E͑x,y,z,t͒ = ͕g 1 ͑x,y͓͒u 1 ͑z,t͒exp͑iK z͒ + w 1 ͑z,t͒exp͑− iK z͔͒ + g 2 ͑x,y͓͒u 2 ͑z,t͒exp͑iK z͒ + w 2 ͑z,t͒
where K is the propagation constant, g n ͑x , y͒ are the transverse profiles for the modes of individual waveguide numbers n =1,2 at the frequency ⍀ , and c.c. denotes the complex conjugate. The frequency ⍀ is chosen to match the Bragg resonance such that K = / d. The functions u j and w j define the slowly varying envelopes of forwardand backward-propagating modes, respectively. Then, following the standard procedure [21] , we obtain the dimensionless coupled-mode equations:
where t and z are the dimensionless time and propagation distance normalized to t s and z s , respectively, n characterizes the amplitude and phase of the Bragg gratings, C is the coupling coefficient for the modes of the neighboring waveguides, ␥ is the nonlinear coefficient, and the group velocity far from the Bragg resonance is normalized to unity. The scaling coefficients are
where c is the speed of light in vacuum, 0 is the wavelength in vacuum, ⌬ 0 is the width of Bragg resonance for an individual waveguide, and n 0 is the effective refractive index in the absence of gratings. To be specific, in numerical examples we set ␥ =10 −2 , 0 = 1550.63 nm, ⌬ 0 = 0.1 nm, t s Ӎ 12.8 ps, and z s Ӎ 1.8 mm corresponding to the characteristic parameters of fiber Bragg gratings [6, 15] . We analyze the effect of a phase shift ͑͒ between the otherwise equivalent waveguide gratings with 1 = and 2 = exp͑i͒ (with no loss of generality, we take to be real and positive). It was shown that the grating shift can strongly modify the reflectivity of modes with different symmetries [13, 15, 16] , and we investigate how this structural parameter affects the properties of slow-light pulses.
SLOW-LIGHT REGIMES
In the linear regime ͑␥ =0͒, wave propagation is fully defined through the Floquet-Bloch eigenmode solutions [22] . The Bloch condition is satisfied for the microscopic electric field profile given by Eq. (1) when the slowly varying envelopes have the form
where n =1,2. By substituting these expressions into Eqs. (2)- (5), we can obtain the dispersion relation
which leads to four dispersion curves (cf. Fig. 2 , top row). The appearance of a bandgap allows for slow-light propagation due to the reduction of the normalized group velocity ͑v g =d /d␤͒ when the optical wavelength is tuned close to the bandgap. We can determine the width of the bandgap by locating the local minima from the first derivatives of the curves closer to the Bragg wavelength, i.e., 2 ͑␤͒ = ␤ 2 + C 2 + ͉͉ 2 −2C͓␤ 2 + ͉͉ 2 cos 2 ͑ /2͔͒ 1/2 . There are two possible cases, a single minimum at ␤ = 0 or two minima at ␤ 2 = C 2 − ͉͉ 2 cos 2 ͑ /2͒. By performing second derivative tests with each of the values, it becomes clear that the threshold condition ͉cos͑ /2͉͒ = ͉C / ͉ determines if the structure will support one or two modes at the photonic band edge, thus realizing different types of slowlight regimes. We study these different regimes by choosing = 0.5 and C Ӎ 0.38 as fixed parameters and observing the sole dependence on . wavelengths arbitrarily close to the gap edges. This regime is represented by the unshaded region in Fig. 3 and is always realized for = (e.g., point C in Fig. 3 ), ensuring that two modes exist for all wavelengths outside the bandgap for any values of C and . A two slow-mode regime is necessary for the slow-light coupler as its operation is based on the beating of two slow modes.
However, realizing a two slow-mode regime with 0 Ͻ Ͻ results in single-mode regions being formed in the vicinity of the bandgap as shown in Fig. 2(b) , top, for the case of = 0.9 (point B in Fig. 3 ). As approaches , the two-mode region increases while the single-mode region decreases with an increasing resemblance to the dispersion characteristics when = (and vice versa when approaching 0).
SUPERMODES OF BRAGG-GRATING COUPLERS
The type of slow-light regime (one slow mode, two slow modes, or a mixture of both) and the resulting bandgap determines how the modes propagate and can be reflected, which is often viewed as a coupling between forward and backward components. However, Bragg-grating couplers have more complex features than in the case of a single waveguide with Bragg gratings because there are even and odd modes, with each having forward and backward components. Therefore, a forward component of each mode can be reflected by coupling to a backward component of a mode with either the same (self-coupling) or different symmetry (cross-coupling).
We can find out which type of bandgap exists when = 0 by inspecting the mode field distributions. Figure 4 (d) shows the modes across arbitrarily shaped coupler arms when the wavelength is tuned close to the bandgap such that v g = 0.1c / n 0 . We inspect the modes near the bandgap rather than away from it [ Fig. 4(a) ] simply because stronger reflection leads to comparable amplitudes for forward and backward components, thus allowing for easier inspection. Here, the forward and backward components of each mode have the same symmetry, indicating that the forward modes are coupled to the backward modes with the same symmetry (self-coupling). However, even and odd modes have different propagation constants, and this leads to the mismatch between their Bragg wavelengths. Therefore, the individual bandgaps partially overlap each other [ Fig. 2(a) , top], and nonoverlapping regions form one slow-mode regime. When = , the mode field distributions in Fig. 4 (f) show that the forward and backward components of each mode have the opposite symmetry. This indicates that the forward modes are coupled to the backward modes with the opposite symmetry (cross-coupling). Since even-to-odd and odd-to-even cross-couplings share the same Bragg condition, only one bandgap exists [ Fig. 2(c) , top] to form a two slow-mode regime. When = 0.9, the mode field distributions in Fig. 4 (e) indicate that the bandgap corresponds to cross-coupling. However, for wavelengths in the single-mode region [dark shaded region in Fig. 2(b) , top], one of the modes exhibits self-coupling while the other mode exhibits crosscoupling, meaning that both types of bandgaps coexist in this hybrid regime. More specifically, a positively detuned single-mode region corresponds to self-coupling of an even mode while a negatively detuned single-mode region corresponds to self-coupling of an odd mode.
LINEAR TRANSMISSION
We now analyze linear transmission of cw light when it is incident on the first arm of a semi-infinite ͑z ജ 0͒ Bragggrating coupler. First, we consider the case when the wavelength is detuned from the Bragg wavelength by −0.5 nm such that v g Ӎ c / n 0 . The mode field distributions for = 0 are shown in Fig. 4 However, has a significant effect on slow-light propagation, and we have chosen wavelengths such that v g = 0.1c / n 0 in every example. For = 0, one of the modes in Fig. 4(d) is reflected (exponential decay along z due to purely imaginary ␤), leaving only one slow mode. The sign of detuning determines which mode is reflected, and in this case the negative detuning leads to the odd mode being reflected [see Fig. 2(a), top] . Consequently, the periodic beating disappears, and light is equally distributed 
(a) (middle) and 5(a) (bottom).
Note that the light intensity at the boundary of the second arm is nonzero owing to the strong reflection of the odd mode. The periodic coupling can only be sustained in the slowlight regime when two modes coexist at the bandgap edge. As discussed above, this condition is met when = , and the corresponding modes are shown in Fig. 4(f) . The periodic coupling of light is sustained as shown in Figs. 2(c) (middle) and 5(c) (bottom).
For propagation and switching of pulses, constant coupling length L c over the pulse bandwidth is necessary. When = 0, coupling does not occur in the slow-light regime, and L c is not constant even when coupling occurs outside the slow-light regime as shown in Fig. 2(a) , bottom. When = , L c is constant for all wavelengths as shown in Fig. 2(c) , bottom. When = 0.9, L c is no longer constant around the single-mode regions as shown in Fig.  2(b) , bottom. Therefore, the configuration with out-ofphase shifted Bragg gratings is the most preferential for switching of slow-light pulses since = ensures a two slow-mode regime with a constant coupling length for all wavelengths outside the bandgap for any values of grating strength and waveguide coupling C, and simultaneously the bandgap attains the maximum bandwidth. Although slow-light coupling would still be possible when = 0.9 (and for ), it would be important to find out how propagation is affected when the bandwidth of the incoming pulse spans the single-mode region, and this is discussed below in Section 7.
NONLINEAR TRANSMISSION
Before analyzing the propagation of pulses and its associated nonlinear behaviors at high input intensities, we first consider nonlinear transmission of cw light at various wavelengths in an out-of-phase shifted Bragg-grating coupler with finite length. It is well known that in directional couplers, the coupling length increases with input intensity under the effects of nonlinearity [9] [10] [11] . This allows light to be switched between the coupler arms at the output with 100% power transfer if the device length is a multiple of the coupling length. Here we choose the coupling coefficient C such that the device length is equal to one coupling length.
When the wavelength of input light is detuned far from the bandgap ͑␦ =−2 nm͒, the transmission from a 10 cm long Bragg-grating coupler shows minimal characteristics of Bragg gratings and resembles the power transfer function of a directional coupler, as shown in Fig. 6(a) . Moving the wavelength closer to the bandgap ͑␦ =−1 nm͒ increases the influence of Bragg gratings, and consequently the transmission dependencies now contain multistability regions as shown in Fig. 6(b) . The appearance of ripplelike features in transmission curves is a characteristic feature of the nonlinear optical response of periodic structures, which was found to be associated with the formation of gap solitons [23] . However, the overall trend of the output power switching between the coupler arms remains essentially the same.
It is not until the wavelength is close to the bandgap that the Bragg gratings start to influence the transmission significantly, and this is where slow-light switching can take place. At a wavelength detuning of −0.05 nm, the transmission from the second arm [dashed curve in Fig.  6(c) ] is low at low powers due to the strong reflection by the Bragg gratings. As the input intensity increases, the bandgap shifts away from the input wavelength with nonlinear effects, and the transmission increases. With a further increase in the input intensity, the light switches at the output. Since the transmission characteristics are significantly more complex near the bandgap for longer device lengths, we chose a shorter device length of 1 cm in this example for easier analysis, and consequently the ripplelike features are less pronounced.
An interesting case results when the wavelength is tuned to the opposite side of the bandgap [ Fig. 6(d) ]. As the input intensity increases, the initial high transmission from the second arm is reduced as the bandgap shifts toward the input wavelength. The transmission increases again when the bandgap continues to shift and eventually passes through the input wavelength, and the light switches at the output simultaneously. We note that it requires significantly higher input intensities to achieve switching at the output.
The wavelength in Fig. 6 (c) corresponds to the regime of slow-light switching, and the transmission is also shown as a function of time in Fig. 7 at different input intensities. When the input intensity is relatively low, the initial transient phase evolves into constant cw intensities as shown in Fig. 7(a) . However, the coupler transmits a train of pulses at higher input intensities as shown in Fig. 7(b) , and the output is also switched to the first arm. This is a characteristic signature of the modulation instability, resulting in the generation of the train of gapsoliton pulses inside the structure [24] . At even higher input intensities the pulses become shorter and more frequent as shown in Fig. 7(c) , which is consistent with the general trend of soliton width reduction at higher powers [25] .
ALL-OPTICAL SWITCHING OF SLOW-LIGHT PULSES
We perform direct numerical simulations of the coupler Eqs. (2)-(5) to model pulse propagation. We have previously demonstrated the all-optical control of slow-light pulses in the case of optimal phase shift = between the Bragg gratings [26] , where the pulses can be switched between the waveguides at the device output depending on the input power (see Fig. 8 ). Here, we analyze the switching performance under the variation of structural parameters. Such a study is important to confirm the feasibility of experimental realizations of all-optical pulse control, as the effects of fabrication inaccuracies need to be considered. Specifically, we consider the phase shift of = 0.9, which deviates by 10% from the optimal value. As discussed above in Section 4, = is the optimal condition as it guarantees two slow modes with a constant coupling length for all wavelengths outside the bandgap for any values of grating and waveguide coupling strengths. However, when = 0.9, single-mode regions form as indicated by the dark shaded region in Fig. 2(b) , top. The periodic tunneling vanishes for this region, and the coupling length is no longer constant for wavelengths around it, where periodic tunneling is still present. It is an open question whether efficient pulse switching may be achieved if its spectrum overlaps the single-mode region since the pulse may not tunnel between the waveguides as a whole.
First, we simulate the pulse propagation in the linear regime for the input Gaussian pulses with the full width at half-maximum of intensity of 577 ps. We tune the central pulse frequency exactly at the upper band edge in order to realize the slow-light propagation regime. We observe that the pulse couples periodically between the waveguides as it propagates along the structure [see Fig.  9(a) ]. Then, we choose the structure size equal to three coupling lengths such that in the linear regime the pulse tunnels three times between the waveguides and switches according to the other waveguide at the output. Since different frequency components of the pulse travel at different group velocities, the pulse suffers group-velocity dispersion (GVD) and broadens significantly while its peak intensity decreases accordingly. Note that the GVD is strongly increased in the vicinity of the photonic bandgap [6] [7] [8] due to the resonant Bragg scattering, and this effect dominates over material dispersion that is neglected in Eqs. (2)- (5).
As the input pulse energy is increased the coupling length increases and the pulse is switched between the waveguides [see Figs. 8(b) and 9(d)]. Up to the normalized intensity level of 3.2, the relative pulse powers in the output waveguides change smoothly versus the input power, and this behavior is consistent with the operation of conventional directional couplers [9] [10] [11] . However, as the input power is further increased (to the normalized intensity level of 3.3), we observe a sharp switching when the output is highly sensitive to small changes of the input intensity (less than 1%) (see Fig. 8, right column) . Note that the pulse width and delay remain almost unchanged just below and above this switching transition between the output ports [cf. Figs. 9(b) and 9(c)]. Most importantly, such desirable switching behavior is not affected by the deviation of the phase-shift parameter from the optimal value [cf. Figs. 8(a) and 8(b) ]. For the characteristic parameters of silica fibers [6] , the peak switching power is 5 kW. Switching at lower powers can be realized in more compact planar devices created with highly nonlinear materials, such as AlGaAs [27] or chalcogenide glass [28] . The enhanced nonlinearity at higher powers also results in pulse self-compression [see Figs. 8(c) and 9(b)-9(d)]. As the normalized input intensity exceeds the level of 3, the pulse broadening is completely suppressed. This effect is based on pulse self-compression, which is different from other schemes relying on external tuning, such as pulse distortion control in quantum-well Bragg structures through the shift of the exciton frequency [29] . The nonlinear pulse self-action in a single Bragg-grating waveguide can result in the formation of gap solitons [24] , in which envelope profiles remain undistorted as they propagate through the photonic structure. The existence of gap solitons was also predicted for coupled waveguides with in-phase gratings [18] [19] [20] . Our results demonstrate that, in the structure with phase-shifted gratings, slow gap solitons can periodically tunnel between the waveguides [see Figs. 9(b)-9(d) ]. This tunneling is enabled by the presence of two types of slow-light modes at the band edge. In this regime, it becomes possible to simultaneously control the spatial and temporal dynamics of slow-light pulses. Most remarkably, all spectral components of the gap soliton propagate together (see Fig. 8 , right column), even though the pulse bandwidth overlaps the single-mode region, which appears inside the band due to the nonoptimal value of the phase shift ͑ = 0.9͒. The structural stability of gap solitons is due to the selfinduced modification of dispersion through the localized change of the optical refractive index at the instantaneous pulse locations.
Whereas the dispersion-induced pulse broadening is suppressed for gap solitons, their velocity can still be dynamically controlled [6] . Indeed, we find that the pulse delay is also varied with optical power as shown in Fig.  8(d) . The power tunability of the pulse delay and switching dynamics can be adjusted by selecting parameters, such as waveguide coupling, and choosing the frequency detuning from the gap edge. This is a fundamental advantage compared to photonic structures with reduced linear dispersion [30] [31] [32] [33] [34] [35] [36] [37] , where the tunability of the group velocity is simultaneously reduced [35] .
CONCLUSIONS
In conclusion, we have demonstrated the possibility to simultaneously suppress pulse spreading due to dispersion, all-optically tune the pulse velocity and transit delays, and switch pulses between the output ports in nonlinear couplers with phase-shifted Bragg gratings. We have shown that all-optical switching is tolerant to phase-shift deviations from the optimal value. These results indicate that the predicted effects may be observed under practical conditions in all-fiber [15] or planar waveguide devices created in highly nonlinear materials [27, 28] . Our results also suggest new opportunities for the control of slowlight bullets in periodic waveguide arrays [38] . Shown are the density plots of intensity in the first (left column) and second (middle column) waveguides. Output intensity profiles normalized to I 0 at the first (solid curve) and second (dashed curve) waveguides are shown in the third column, and the corresponding output pulse spectra are presented in the last column.
